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We analyze the common four types of the finite-time singularities using a generic framework of the phase
portrait geometric approach. This technique requires that the Friedmann system to be written as a one dimen-
sional autonomous system. We employ a scale factor that has been used widely in literature to realize the four
finite-time singularity types, then we show a detailed discussion for each case showing possible novel models.
Moreover, we show how different singularity types can play essential roles in different cosmological scenarios.
Among several modified gravity theories, we show that the f (T ) cosmology is in comfort with the phase portrait
analysis, since the field equations include Hubble derivatives only up to first order. Therefore, we reconstruct
the f (T ) theory which generates these phase portraits. We also perform a complementary analysis using the
effective equation of state. Furthermore, we investigate the role of the torsion fluid in realizing the cosmic
singularities.
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I. INTRODUCTION
The cosmological singularity problem has received attentions longtime ago. However, lots of work were devoted for only
the crashing type, e.g. big bang and big crunch singularities. Recently, after the supernovae of Type Ia (SNIa) observations,
other softer types have been introduced to the game. Several attempts have been devoted to investigate the role of the quantum
effects to smooth out the singularity [1–3], or to study the geodesic completeness and the possibilities of crossing the singularity
[4–7]. Also, some went to investigate the effect of the singularity on the cosmic observable quantities [8–10]. On the other hand,
the nonsingular bounce cosmology could provide an alternative approach to explain cosmic observations. In this scenario, the
universe begins with a contraction phase, then it reaches a nonzero minimal length before expansion, and therefore it does not
suffer from trans-Planckian problems of the inflation models [11, 12]. The bouncing universe has gained attentions in recent
literature, whereas the cosmic evolution shows an interesting features on both the background and the perturbative levels [13–
19]. In classical general relativity, one should introduce some fluid with an exotic equation of state to establish these models.
However, we find that the modified gravity theories could provide an alternative by modifying the gravitational sector. Indeed,
modified gravity has been used to describe bouncing universe successfully, which helps to resolve several problems of these
models, e.g. anisotropy and ghost instability problems, c.f. [20–24]. Also, it is worth to analyzed various singularities within
the modified gravity frame, which is the target of this paper.
For reasonable cosmological requirements, the universe is usually taken to be homogeneous and isotropic. Thus, we take the
metric to be of the Friedmann-Lemaitre-Robertson-Walker (FLRW) form,
ds2 = c2dt2 − a(t)2δi jdxidx j, (1)
where c is the speed of light in vacuum and a(t) is the scale factor of the universe. In modified theories of gravity, one can write
the Friedmann system as
ρeff ≡ 3
κ2
H2, peff ≡ − 1
κ2
(
2H˙ + 3H2
)
, (2)
where H ≡ a˙
a
is the Hubble parameter, the dot denotes the derivative with respect to the cosmic time t, the coupling constant
κ2 ≡ 8πG, and G is the gravitational constant. We use the natural units, i.e. kB = c = ~ = 1. In this case, we can write κ = 1/Mp,
where Mp = 2.4 × 1018 GeV is the reduced Planck mass. We also denote the effective (total) energy density and the pressure as
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2ρeff and peff, respectively. We further assume that the effective fluid having a barotropic equation of state, then we can classify
the finite-time singularities as in Refs. [25, 26]. In brief, we illustrate the fundamental characteristics of this classification as
below: Let the time of the singularity be ts,
(i) Type I: At t → ts, the scale factor a, the effective energy density ρeff and the pressure peff diverge, i.e. a → ∞, ρeff → ∞,
and |peff | → ∞. Type I singularity is of crushing type and known as “big rip” singularity, c.f. [25].
(ii) Type II: At t → ts, the scale factor a and the effective energy density ρeff approach finite values, while the effective pressure
diverges, i.e. a → as, ρeff → ρs and |peff | → ∞. Type II singularity is not of a crushing type and known as “sudden” singularity,
c.f. [1, 4, 10, 27, 28].
(iii) Type III : At t → ts, only the scale factor tends to a finite value, while the effective energy density and the pressure both
diverge, i.e. a → as, ρeff → ∞ and |peff | → ∞. Type III is of the crushing type.
(iv) Type IV : At t → ts, all the three mentioned quantities approach finite values, i.e. a → as, ρeff → ρs and |peff | → ps. In
addition, the Hubble parameter and its first derivative are finite, while its second/higher derivatives diverge. Type IV singularity
is the softest (not of the crushing type) among the other four types, c.f. [10, 22, 25, 29–31].
The present work is devoted for analyzing the finite-time singularity types using a generic framework of the phase portrait
geometric approach. This technique assumes that the Friedmann system to be written as a “one dimensional autonomous system”
[32, 33]. So we organize the paper as follows: In Sec. II, we review the phase portrait analysis and its application in cosmology.
We also exhibit a scale factor that can realize the four singularity types, then we show a detailed discussion for each case.
Moreover, we show that how different singularity types can play essential roles in different cosmological scenarios. In Sec. III,
we show that the f (T ) gravity among several modified gravity theories is in comfort with the phase portrait technique. We also
reconstruct the f (T ) theory which generates these phase portraits. In Sec. IV, we perform a complementary analysis using the
effective equation of state. Furthermore, we investigate the role of the torsion fluid in realizing the cosmic singularities. In Sec.
V, we summarize the work.
II. PHASE PORTRAITS OF FINITE-TIME SINGULARITIES
In Eqs. (2), we define the effective density energy and the effective pressure as ρeff =
∑
i
ρi and peff =
∑
i
pi, and the index i
denotes the fluid component. In this case, if we consider the effective matter to have a linear equation of state, we define the
effective equation of state parameter as
ωeff ≡ peff
ρeff
= −1 − 2
3
H˙
H2
. (3)
In fact, the differential equation represents a one dimensional autonomous system, if we can write H˙ ≡ F (H). The proper way to
fulfill this condition is to have a fixed effective equation of state parameter which reproduces the general relativistic as a special
case, or to have a dynamical effective equation of state but as a function of H only. We are interested in the more general case,
ωeff ≡ ωeff(H), so rewrite (3) as
H˙ = −3
2
(1 + ωeff(H))H
2 ≡ F (H). (4)
As a consequence, we can always interpret this differential equation as a vector field on a line introducing one of the basic
techniques of dynamics. This view, geometrically, is by drawing H˙ verses H, which helps to analyze the cosmic model in a clear
and transparent way even without solving the system. In order to fix our notations, we follow [34] calling equation (4) the phase
portrait, while its solution H(t) is the phase trajectory. Thus, the phase portrait corresponds to any theory can be drawn in an
(H˙ −H) phase-space of the Friedmann’s system. In this space each point is a phase point and could serve as an initial condition.
For C∞ monotonic phase portraits, it has been shown that the fixed points (H˙ = 0) cannot be reached in a finite time [32]. In
fact, the fixed point, in addition, would be Minkowskian, if H = 0 and H˙ = 0. Otherwise, it would be a de Sitter, i.e. H , 0 and
H˙ = 0. For a phase portrait (4), if the universe begins at a fixed point, it will stay forever at that point. The stability classification
of a fixed point can be performed by allowing a small perturbation about it, and investigating that whether the perturbation
decays or grows. Generally, if the slope of the phase portrait is positive at the fixed point, the perturbation grows and the fixed
point in this case is unstable (repeller or source). If the slope is negative, the fixed point is stable (attractor or sink). However,
if the slop alters its sign at the fixed point, it is semi-stable and the solution is stable from one side and unstable from the other
side. For an infinite slope case (e.g. cusps) there are infinitely many solutions starting from the same initial condition so that the
phase point doesn’t know how to move. In this case the geometric approach collapses.
We summarize the phase portrait analysis as a useful tool to qualitatively describe the dynamical behavior of a flat FLRW
model by constructing its (H˙-H) phase space diagram [32]. When the system is an autonomous one dimensional, the dynamics
would be controlled by the asymptotic behavior of the phase portrait and by its fixed points. In general, after identifying the
3FIG. 1: Phase portraits (4) corresponding to different values of the effective equation of state parameters. The origin of the phase space is
the Minkowski space, and the zero acceleration curve (ωeff = −1/3) splits the space into deceleration (shaded) and acceleration (unshaded)
regions, while the negative (positive) Hubble regions are contraction (expansion) regions. This subdivides the phase space into four regions,
we denote them accordingly as I−IV regions.
TABLE I: Singularity types classification according to the choice of the α parameter in Eq. (5)
t → ts Type I Type II Type III Type IV
∗
(α < −1) (0 < α < 1) (−1 < α < 0) (α > 1)
a → as × X X X
H → Hs × X × X
H˙ → H˙s × × × X
ρeff → ρs × X × X
|peff| → ps × × × X
∗The higher derivatives dnH/dtn diverge, n ≥ 2.
fixed points, we next define the zero acceleration curve by setting the deceleration parameter q ≡ − aa¨
a˙2
= 0, i.e., H˙ = −H2, which
splits the phase space into two regions. The inner region characterizes the decelerated phases, this is shown by the shaded region
in Fig. 1. However, the unshaded region represents the accelerated phases. We classify different phases in Fig. 1 as follows:
(i) Region I: it represents an accelerated contracting universe as q < 0 and H < 0.
(ii) Region II: it represents a decelerated contacting universe as q > 0 and H < 0.
(iii) Region III: it represents a decelerated expanding universe as q > 0 and H > 0 which characterizes the usual FLRW
models.
(iv) Region IV: it represents an accelerated expanding universe as q < 0 and H > 0 which characterizes the so-called inflation
or dark energy phases.
We consider the following scale factor in order to realize the four singularity types [29, 35]
a(t) = e f0(t−ts)
2(1+ε)
, (5)
Introducing the new parameters α ≡ 1 + 2ε and β ≡ 2(1 + ε) f0 = (1 + α) f0, we write the Hubble parameter as
H(t) = β(t − ts)α, (6)
where α is dimensionless and β has a dimension of [time]−1−α, we note that in the Planck unit system, the Hubble parameter
is measured in [GeV] and the time is measured in [GeV]−1, then β is measured in [GeV]1+α. The classification of finite-time
singularities can be realized by the scale factor (5). According to different choices of the parameter α, as given in Table I, the
four types of singularities could occur at t = ts. Using the inverse relation of Eq. (6), we express the time in terms of Hubble,
t(H) = ts +
(
H
β
) 1
α
. (7)
4Thus, we write the implicit differentiation H˙ ≡ H˙(H) as
H˙ = αH
(
H
β
)− 1
α
. (8)
The above relation represents a one dimensional autonomous system, whereas its graphical representation provides the phase
portrait of the cosmic evolution, which can be seen clearly in the
(
H-H˙
)
phase space for different choices of the parameter α.
In general, the phase portrait (8) evolves towards a fixed point at which H˙ = 0, or a point at which H˙ → ±∞. The former
can be achieved at H = 0 where α < 0 or α > 1 so we expect that the phase portraits associated with Type I, III and IV
singularities to pass through a Minkowskian fixed point
(
H = 0, H˙ = 0
)
. The later does not always mean that the system is
singular at H˙ → ±∞. It has been shown that if the asymptotic behavior of H˙ grows linearly or slower, the solution will not have
a finite-time singularity [32]. This can be shown, since the singularity time
ts =
∫ ±∞
H0
dH
H˙
. (9)
Using Eq. (8), it is clear that the phase portrait belongs to the power-law family, i.e. H˙ ∝ Hγ. It is not difficult to realize that the
big bang (singular) model is a special case where γ = 2. In general, the time to reach the singularity is finite
ts =
1
(γ − 1)Hγ−1
0
; if γ > 1.
On the contrary, the time to reach the singularity could be infinite
ts → ±∞; if γ ≤ 1.
Therefore, the phase portrait (8) evolves towards H˙ → ±∞ in an infinite time where α > 0, and we expect that the phase portraits
associated with Type II and IV singularities only to be free from singularities of crashing type at H → ±∞.
A. Type I singularity phase portrait
This singularity occurs when the cosmic time approaches t → ts, the scale factor a, the effective energy density ρeff and
the pressure peff diverge, i.e. a → ∞, ρeff → ∞, and |peff | → ∞. Type I singularity is of crushing type and known as “big
rip” singularity, c.f. [25]. Using the scale factor (5), the Type I singularity case occurs when α < −1. In this case, we have
β = f0(1 + α) < 0, when f0 > 0 and β = f0(1 + α) > 0, when f0 < 0. Different cases of the phase portraits corresponding to Eq.
(8) are given in Fig. 2. In general, the one dimensional autonomous systems are dominated by the fixed points, whereas the time
required to reach any of these points is infinite. On another word, the fixed points split the phase space to separate patches. This
fact can be seen easily in Friedmann cosmology, since the time is given as
t =
∫ H f
H0
dH
H˙
→ ±∞. (10)
At a fixed point H f , we have H˙ = 0; and the time required to reach it is infinite. The phase portraits in Fig. 2 show two
possible cosmic behaviors according to the choice of f0 > 0 ( f0 < 0), consequently β < 0 (β > 0). So we discuss both cases as
follows:
1. f0 > 0 (β < 0)
The corresponding phase portrait is given on Fig. 2(a). The universe is allowed only in the phantom regime, it begins with a
big rip singularity at
ts =
∫ H0
−∞
dH
H˙
=
∣∣∣∣∣H0β
∣∣∣∣∣
1/α
,
from a particular value H0 < 0. Since the universe evolves in H˙ > 0 and H < 0 phase space with a Minkowskian fixed point
fate, the universe experiences an eternal accelerating contraction.
5(a) f0 > 0 (β < 0) (b) f0 < 0 (β > 0)
FIG. 2: The phase portraits of the finite-time singularities of Type I for different choices of the parameter α < −1 in Eqs. (8).
2. f0 < 0 (β > 0)
The corresponding phase portrait is given on Fig. 2(b). The universe evolves in a non-phantom regime, it begins with a big
bang at ts = (H0/β)
1/α from a present Hubble value H0 > 0. Interestingly, for suitable values of the parameters α and β, the
phase portrait provides a graceful exit inflationary model. The universe could begin with an early accelerated expansion phase
(inflation), however, it could be followed by a decelerated expansion phase (FLRW). At the graceful exit transition, the phase
portrait should cut the zero acceleration curve (H˙ = −H2) from acceleration to deceleration. Using (8), at the transition Hin f , the
two parameters can be related by
β = Hin f
(
−Hin f
α
)α
. (11)
For any value of α < −1, the above equation can predict the value of β when the Hubble parameter at the end of inflation Hin f is
known. For more detailed discussion about the possible values of α and β to realize a graceful exit inflation, see Sec. II E.
3. the physical description
In conclusion, we find that the case of β > 0 is more interesting to be studied among the other cases, since it provides a
graceful exit inflation model. In Sec. II E, we will obtain the suitable values of the parameters α and β which realize inflation at
a suitable energy scale.
B. Type II singularity phase portrait
This singularity occurs when the cosmic time approaches t → ts, the scale factor a and the effective energy density ρeff
approach finite values, while the effective pressure diverges, i.e. a → as, ρeff → ρs and |peff | → ∞. Type II singularity is not of
a crushing type and known as “sudden” singularity, c.f. [1, 4, 10, 27, 28]. Using the scale factor (5), the Type II singularity case
occurs when 0 < α < 1. In this case, we have β = f0(1 + α) < 0, when f0 < 0, while β = f0(1 + α) > 0, when f0 > 0. Different
cases of the phase portraits corresponding to Eq. (8) are given in Fig. 3, it is clear that the finite-time singularity of type II is not
a fixed point. But it occurs, commonly, when H˙ diverges as H → Hs = 0. However, we split the discussion of the phase portraits
corresponding to the Type II singularity into two main categories according to the choice of f0 < 0 and f0 > 0 in the given range
0 < α < 1 as follows:
1. f0 < 0 (β < 0)
In this category, three patterns could be obtained according to the value of α. Therefore, we have the following subclasses:
6(a) α = 1
n
, n = odd (b) α = 1
n
, n = even (c) α = a
b
, a < b and a
b
,
1
n
FIG. 3: The phase portraits of the finite-time singularities of Type II for different choices of the parameter 0 < α < 1 in Eqs. (8). The dash
curves are corresponding to f0 < 0 (β < 0), and the solid curves are corresponding to f0 > 0 (β > 0). Same color curves means we have used
the same value of α. The phase portraits of Fig. (b) are typical for both cases β < 0 and β > 0.
Case 1. α = 1
n
(n > 1 is an odd positive integer): The corresponding phase portraits are indicated by the dash curves as in Fig.
3(a). At the positive H region, the fluid evolves towards left (decreasing H) approaching a future sudden singularity Hs = 0,
where the time to reach it is finite.
ts =
∫ Hs=0
H0
dH
H˙
= −
(
H0
β
)1/α
,
where H0 > 0 denotes the present Hubble value. At the negative H region, the cosmic fluid evolves towards left (decreasing H).
It begins with a sudden singularity H˙ → −∞ at Hs = 0, then it goes in a decelerated contraction phase. After that it enters an
accelerated contraction phase with a de Sitter fate as H → −∞. Similar models have been studied in details [4].
Case 2. α = 1
n
(n > 1 is an even positive integer): The corresponding phase portraits are given on Fig. 3(b). Notably, in
this subclass, the phase portraits corresponding to ± β are identical. At the negative H region, the cosmic fluid flows towards
the left direction (decreasing H). However, at the positive H region, the fluid flows towards the right direction (increasing H).
So we may consider these two regions as separate patches, the left patch (H < 0) begins with a finite-time singularity of type
II, whereas the universe evolves from a decelerated contraction to an accelerated expansion towards a de Sitter space. On the
contrary, the right patch (H > 0) shows that the universe has an initial finite-time singularity of type II, but evolves effectively
towards a de Sitter space in a phantom regime.
Case 3. α = a
b
(a < b and a
b
,
1
n
): The corresponding phase portraits are indicated by the dash curves as in Fig. 3(c), which
shows that the positive H patch is not valid for these values of α. However, the dynamical behavior of the universe is the same
as in cases 1 and 2 above, in the H < 0 patch.
2. f0 > 0 (β > 0)
In this category, similarly, three patterns could be obtained according to the value of α. Therefore, we have the following
subclasses:
Case 1. α = 1
n
(n > 1 is an odd positive integer): The corresponding phase portraits are indicated by the solid curves as in
Fig. 3(a). At the negative H region (contraction phase), the cosmic fluid flows towards the right direction (increasing H). For a
given value H0 < 0, the universe has no initial singularity as
t =
∫ H0
−∞
dH
H˙
= −∞.
7However, the time required to reach the singular phase is
ts =
∫ 0
H0
dH
H˙
= −
∣∣∣∣∣H0β
∣∣∣∣∣
1/α
.
At the positive H region (expansion phase), the fluid flows , also, towards the right direction. The time from the singular phase
H = 0 to a given phase H0 > 0 is ts =
(
H0
β
)1/α
, while the universe has no future singularity as the time to reach H → ∞ is
infinite. Since H˙ > 0 at both regions, H < 0 and H > 0, and time is extended as −∞ < t < ∞, this case gives rise to a bouncing
model with a singularity of type II at the bouncing point H = 0. In this case, we can restrict the Hubble length to a minimal
value of the Planck length and use junction conditions to cross the singularity, providing a soft rebirth of the expanding universe
after the contraction phase [4].
Case 2. α = 1
n
(n > 1 is an even positive integer): The corresponding phase portraits are given on Fig. 3(b). As mentioned in
Sec. II B 1, the phase portraits of ± β are identical. Therefore, we expect the same description as given before.
Case 3. α = a
b
(a < b and a
b
,
1
n
): The corresponding phase portraits are indicated by the solid curves as in Fig. 3(c), which
shows that the negative H patch is not valid for these values of α. However, the dynamical behavior of the universe is the same
as in cases 1 and 2 above, in the H > 0 patch.
3. the physical description
In conclusion, the finite-time singularity of type II could act as an attractor or repeller according to the choice of the model
parameter in the given range 0 < α < 1. Remarkably, case 1, for β > 0 values, provides a big bounce cosmology in the phantom
regime, where the bouncing point coincides with a sudden singularity. Also, case 1, for β < 0 values, provides a big brake
cosmology, this has been shown to be compatible with the SNIa data [4]. In both cases, the first derivative of the scale factor is
finite, so the Christoffel symbols are regular and the geodesics are well behaved, and thus the singularity becomes traversable.
In addition to the kinematical description of phase portrait method, a complementary investigation using the torsion gravity is
available in Sec. IVB.
C. Type III singularity phase portrait
This singularity occurs when the cosmic time approaches t → ts, only the scale factor tends to a finite value, while the effective
energy density and the pressure both diverge, i.e. a → as, ρeff → ∞ and |peff | → ∞. Type III is of the crushing type. Using the
scale factor (5), the Type III singularity case occurs when −1 < α < 0. In this case, we have β = f0(1 + α) < 0, when f0 < 0,
while β = f0(1 + α) > 0, when f0 > 0. Different cases of the phase portraits corresponding to Eq. (8) are given in Fig. 4.
Remarkably, the transition from deceleration to acceleration, in the H > 0 region, can be realized for −1 < α < 0. Since the
evolution pattern is sensitive to the choices of α and β, we discuss different cases as follows:
1. f0 < 0 (β < 0)
In this category, three patterns could be obtained according to the value of α. Therefore, we have the following subclasses:
Case 1. α = − 1
n
(n > 1 is an odd positive integer): The phase portraits for some particular choices of α are indicated by
the dash curves as in Fig. 4(a), where the Mikowskian fixed point at the origin of the phase space is a common point for all
portraits. The Minkowski space, in this case, is a semi-stable fixed point. Since the universe requires an infinite time to reach
this Minkowskian space, we find that the regions, H < 0 and H > 0, are two separate patches. Firstly, we discuss the H < 0
patch, where the universe begins with an initial finite-time singularity of Type III as H and H˙ diverge at t → ts, where
ts =
∫ −∞
H0<0
dH
H˙
=
(
H0
β
)1/α
,
from some value H0 < 0. Then, it evolves in the increasing H direction towards a future fixed point H = 0. However, the time
requires to approach that point is infinite, so the universe has no future finite-time singularity. Secondly, in the H > 0 patch, the
8(a) α = − 1
n
, n = odd (b) α = − 1
n
, n = even
(c) α = − a
b
, a < b and a
b
,
1
n
FIG. 4: The phase portraits of the finite-time singularities of Type III for different choices of the parameter −1 < α < 0 in Eqs. (8). The dash
curves are corresponding to f0 < 0 (β < 0), the solid curves are corresponding to f0 > 0 (β > 0). Same color curves means we have used the
same value of α. The phase portraits of Fig. (b) are typical for both cases β < 0 and β > 0.
universe has no initial singularity, since the time to reach its Minkowskian origin is infinite. However, the universe evolves in a
phantom regime towards a future finite-time singularity of Type III as t → ts, where
ts =
∫ ∞
H0>0
dH
H˙
=
(
H0
β
)1/α
,
from some value H0 > 0.
Case 2. α = − 1
n
(n > 1 is an even positive integer): The corresponding phase portraits are indicated by the dash curves as
in Fig. 4(b). Notably, in this subclass, the phase portraits corresponding to ± β are identical. In this case, the Minkowskian
fixed point is stable (attractor), and therefore the H < 0 and H > 0 patches are separated by an infinite time. Therefore, we
discuss each as a separate patch. At the positive H patch, the cosmic behavior is the same as case 1. However, at the negative
H patch, the universe evolves effectively in phantom regime. It begins with a finite-time singularity at ts = (H0/β)
1/α, then it
evolves towards the right direction (increasing H). So the universe experiences an eternal accelerated contraction phase with a
Minkowskian fate at an infinite time, i.e. it has no future singularity.
Case 3. α = − a
b
(a and b are positives, and a < b but a
b
,
1
n
): The corresponding phase portraits are indicated by the dash
curves as in Fig. 4(c). Remarkably, the positive H patch is not valid in this case. On the contrary, the dynamical behavior of the
universe is the same as in cases 1 and 2 above, in the H < 0 patch.
2. f0 > 0 (β > 0)
In this category, similarly, three patterns could be obtained according to the value of α. Therefore, we have the following
subclasses:
9Case 1. α = − 1
n
(n > 1 is an odd positive integer): The phase portraits for some particular choices of α are indicated by
the solid curves as in Fig. 4(a), where the Mikowskian fixed point at the origin of the phase space is a common point for all
portraits. The Minkowski space, in this case, is a semi-stable fixed point. Since the universe requires an infinite time to reach
this Minkowskian space, we find that the regions, H > 0 and H < 0, are two separate patches. Firstly, we discuss the H > 0
patch, where the universe evolves in the decreasing H direction. As shown by the plots, the universe has an initial finite-time
singularity with a decelerated expansion behavior, where the age of the universe, for some value H0 > 0, can be given by
ts =
∫ H0
∞
dH
H˙
=
(
H0
β
)1/α
.
However, for proper choice of the parameter α and β, the universe can evolve from deceleration to acceleration phase. We
assume that the transition has been occurred at some value Hde > 0, then the phase portrait should cut the zero acceleration curve
(i.e. H˙ = −H2) at that value. Using Eq. (8), at the transition point, the two parameters can be related by
β = Hde
(
−Hde
α
)α
. (12)
For any value of −1 < α < 0, the above equation can predict the value of β when the Hubble parameter (or the red-shift)
at transition is accurately measured by observations. For more detailed discussion about the possible values of α and β to
realize that transition, see Sec. II E. As shown in Fig. 4(a), the universe evolves towards a quasi-de Sitter, i.e. ωeff → −1,
with a Minkowskian fate, which is unusual when dark energy interpreted as a cosmological constant. Secondly, we discuss the
H < 0 patch, where the universe evolves in the decreasing H direction. As shown by the plots, the universe evolves from the
Minkowskian fixed point, so it has no initial finite-time singularity. However, it begins with an accelerated contraction, then
enters a later decelerated contraction with a future finite-time singularity at ts = −
∣∣∣∣H0β
∣∣∣∣1/α from some value H0 < 0. Similarly, in
this patch, the transition from an accelerated to a decelerated contraction can be realized. In this case, if we assume a negative
cosmological constant in Eq. (8), we expect the phase portrait to shift downwards avoiding the Minkowskian fixed point, where
a turnaround cosmology occurs.
Case 2. α = − 1
n
(n > 1 is an even positive integer): The corresponding phase portraits are given in Fig. 4(b). As mentioned in
Sec. II C 1, the phase portraits of ± β are identical. Therefore, we expect the same description as given before.
Case 3. α = − a
b
(a and b are positives, and a < b but a
b
,
1
n
): The corresponding phase portraits are indicated by the solid
curves as in Fig. 4(c). Remarkably, the negative H patch is not valid in this case. On the contrary, the positive H patch is valid,
whereas the dynamical evolution is just as in the cases 1 and 2.
3. the physical description
In conclusion, we find out the choice of β > 0 provides an alternative to the ΛCDM models. In this scenario, the universe
begins with an initial singularity of Type III, instead of Type I of the standard cosmology (big bang). Then, the universe traverses
from deceleration to acceleration. However, it evolves towards a Minkowskian fate not de Sitter, which is distinguishable from
ΛCDMmodels when the dark energy is interpreted as a cosmological constant. In Sec. IVC, we provide a complementary study
through the torsion gravity to explain the late accelerating expansion phase of the model.
D. Type IV singularity phase portrait
This singularity occurs when the cosmic time approaches t → ts, all the three quantities, a, ρeff and |peff |, approach finite
values, i.e. a → as, ρeff → ρs and |peff | → ps. In addition, the Hubble parameter and its first derivative are finite, while its
second/higher derivatives diverge. Type IV singularity is the softest (not of the crushing type) among the other four types, c.f.
[10, 22, 25, 29–31]. Using the scale factor (5), the Type IV singularity case occurs when α > 1. In this case, similar to Type I
singularity, we have β = f0(1+α) < 0, when f0 > 0, while β = f0(1+α) > 0, when f0 < 0. Different cases of the phase portraits
corresponding to Eq. (8) are given in Fig. 5. Although the singularity of Type IV is a fixed point as well, as appears in the phase
portrait, it can be reached in a finite-time. This argument can be verified as follows. Since, in the Type IV case, the singularity
occurs when the higher derivatives of the Hubble rate are divergent as H → Hs, this means that
lim
H→Hs
dnH
dtn
= ±∞,
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FIG. 5: The phase portraits of the finite-time singularities of Type IV for different choices of the parameter α > 1 in Eqs. (8). The solid curves
are corresponding to f0 > 0 (β < 0), and the dash curves are corresponding to f0 < 0 (β > 0). Same color curves means we have used the same
value of α.
for some n ≥ 2. Let us compute the lowest derivative for which the Type IV singularity could occur, which is for n = 2,
lim
H→Hs
H¨ = lim
H→Hs
H˙
(
dH˙
dH
)
= ±∞.
Since H˙ is finite, it implies that
lim
H→Hs
dH˙
dH
= ±∞. (13)
This can be shown graphically on the phase space, Fig. 5, as an infinite slope of the phase portrait at the Type IV singularity
phase point. Remarkably, this type of singularities is the only one which coincides with a fixed point among all other types. In
general, the fixed points dominate the one dimensional autonomous systems, where the time required to reach these points is
infinite as shown by Eq. (10). However, Type IV singularities are exceptions and the system can reach them in a finite-time. In
order to clarify this point, we rewrite the Friedmann equation (2) as
H˙ = − κ
2
2
(peff + ρeff) .
It has been shown that for an equation of state peff(H), and where the pressure is continuous and differentiable; the solution
always reaches a fixed point in an infinite time [32]. This left us with the other option where the pressure is not differentiable,
i.e. dpeff/dH is not continuous. In this case, we, also, could have two possible cases: The first is when the discontinuity of
dpeff/dH is finite, the time to reach a fixed point is also infinite. The second case when dpeff/dH is infinite discontinuous, it is
the only possible option to reach a fixed point in a finite-time1. Since ρeff ∼ H2, we see that dpeff/dH is infinite discontinuous if
dH˙/dH diverges. Therefore, we write the following conditions for a fixed point H f to be reached in a finite time
(i) limH→H f H˙ = 0,
(ii) limH→H f dH˙/dH = ±∞,
(iii) t =
∫ H f
H
dH/H˙ < ∞.
The above conditions are always fulfilled in the case of finite-time singularities of Type IV. Although the above calculations have
been carried out for the lowest divergent derivatives H¨ → ±∞, it can be generalized for other higher lowest divergent derivatives
of the Hubble parameter. We next turn our discussions of the phase portraits associated to the singularities of Type IV for some
particular values of the model parameters α and β.
1 In the general relativistic picture, condition (13) leads to a divergence of the speed of sound dpm/dρm = c
2
s , so the solution will not be causal.
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1. f0 > 0 (β < 0)
The corresponding phase portraits are indicated by the solid curves as in Fig. 5. The universe has an initial singularity of
Type IV at the Minkowskian unstable fixed point, and then it evolves in phantom regime. Although, the phase portrait evolves
towards H → ∞, it will not have a future finite-time singularity as clarified earlier after Eq. (8).
2. f0 < 0 (β > 0)
The corresponding phase portraits are indicated by the dash curves as in Fig. 5. Similarly, the universe begins with a finite-
time singularity of Type IV at a Minkowskian unstable fixed point, then it evolves in a non-phantom regime. It evolves towards
H → −∞ with an early decelerated contraction phase. After, the universe enters a later accelerating contraction phase. Although
the phase portrait evolves towards a big crunch singularity, it cannot be reached in a finite time as clarified before. Therefore,
the universe will not have a future finite-time singularity.
3. the physical description
In conclusion, we mention that the universe takes an infinite-time to leave or to reach a fixed point. So if the universe begins
at a fixed point, it stays forever at that point. However, singularities of Type IV allow the universe to leave or to reach fixed
points in a finite-time. So these types of singularities may provide an important key in inflationary models. In addition, if the
phase portrait is a double valued about Type IV singularity, the universe is capable to cross the phantom divide line. The latter
situation provides an important dynamical features in bouncing cosmology.
In the case at hand, which is shown in Fig. 5, the plots show that the cosmic fluid flow is towards the right direction (increasing
H), whereas the Minkowskian fixed point coincides with the singular point of Type IV. The time to reach the initial singularity
is t =
(
H0
β
)1/α
for a some value H0. On the other hand, the universe has no future singularity as the time required to approach
H → ∞ is an infinite.
E. Generic remarks
As shown in the previous sections, how phase portrait analysis is a qualitative powerful tool to extract dynamical information
by fitting all possible universes on a small piece of paper. In this section, we summarize some general conclusions which
characterize the dynamical evolution associated with each finite-time singularity type. In addition, we extract some useful
quantitative information to conform the evolution to some important cosmic events. We noted that transition from acceleration
to deceleration, see Sec. II A, or from deceleration to acceleration, see Sec. II C, could be realized for H > 0 only in Type I or
Type III singularities, respectively. This conclusion can be seen clearly using Fig. 6(a).
Type I (α < −1): For the values f0 < 0 (β > 0), the transition from acceleration to deceleration is allowed, see Fig. 2(b). So
this model is suitable to describe a graceful exit inflationary models. Where the universe begins with a big bang inflation, then
it exits into a decelerated FLRW phase. Since we deal with high energy scale, it is convenient to measure the Hubble parameter
in the Planck unit. We assume that the inflation ends at 10−34 . t . 10−31 s, i.e. 107 . Hin f . 109 GeV. Substituting into Eq.
(11), we obtain the values of (α, β) which allow a viable graceful exit inflation. We represent the solution graphically in Fig. 6(b).
Type II (0 < α < 1): For particular choices of α = 1
n
, where n is a positive odd integer, we have a bouncing cosmology with a
singularity of type II at the bouncing time, see Fig. 3(a). Here junction conditions should be used to weld the contraction and
the expansion phases. In order to avoid the trans-Planckian problem of inflationary model, it is convenient to choose the finite
value ρm to be at the Planckian density limit, or the minimal Hubble to have the Planck length. In this case we would have a
non-singular bouncing scenario can avoid the trans-Planckian problems of the inflationary models.
Type III (−1 < α < 0): We noted that the transition from deceleration to acceleration, in the H > 0 region, can be achieved.
So this model provides an alternative to ΛCDM universe. However, it evolves towards Minkowskian universe not de Sitter,
which is unusual when dark energy is interpreted as a cosmological constant. In general, if the red-shift at transition (or the
Hubble value Hde) is accurately measured by observations, we can solve Eq. (12) to obtain viable solutions of (α, β). Since we
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(a) Full range of four singularity types (b) Type I (c) Type III
FIG. 6: (a) (α, β) diagram shows the values which allow transitions (11) and (12), where the dark regions are forbidden values, the blue regions
are excluded values, while the white regions are the accepted values; (b) values of the parameters α and β allow transition from acceleration
to deceleration at 107 . Hin f . 10
9 GeV, and the dot curves give the values α and β which allow transition at Hin f = 10
7 and 109 GeV
exactly.; (c) values of the parameters α and β which allow transition from deceleration to acceleration at redshift 0.72 . zde . 0.84 (i.e.
101.8 . Hde . 117.82 km/s/Mpc), and the dot curves give the values α and β which allow transition at Hde = 101.8 and 117.82 km/s/Mpc
exactly.
deal with low energy scale, it is convenient to measure the Hubble parameter in SI units2 [km/s/Mpc]. A recent analysis [36]
shows that the deceleration to acceleration transition is at zde = 0.72 ± 0.05 (0.84 ± 0.03) for the present Hubble constant is
taken as H0 = 68 ± 2.8 (73.24± 1.74) km/s/Mpc. We provide a graphical solution in Fig. 6 by assuming that the transition to be
occurred in the range 101.8 < Hde < 117.82 km/s/Mpc.
Type IV (α > 1): Remarkably, the singular point in this model is a repeller fixed point as well. Usually, the universe takes
an infinite time to reach that point. However, in Type IV singularity the higher derivative of the Hubble parameter diverges.
Consequently, we have dH˙/dH → ±∞. This provides a unique case, that is the fixed point can be reached in a finite time. So
we may use this model to cross the phantom divide line between phantom and non-phantom regimes, if the phase portrait is a
double valued function about the fixed point.
As shown in the above discussion that the phase space analysis is a useful tool to understand the evolution of the universe in
a clear and transparent way. However, we also need to reformulate this description within a field theory framework for better
understanding.
III. GENERALIZED TELEPARALLEL GRAVITY
In the general relativity (GR) theory, the Friedmann system provides a power law scale factor, if we assume that the matter
content is a perfect fluid with a linear (fixed) equation of state parameter ωm such that 0 ≤ ωm ≤ 1 to grantee the stability and the
causality conditions. Otherwise, one need to assume that the matter content to have an exotic equation of state, c.f. [31, 32, 37].
In fact, the power law scale factor can predict perfectly the thermal history during radiation/matter dominant eras. However, it
fails to describe the early and the late accelerating expansion epochs. In this sense, modified gravity may explain these epochs
by modifying the gravitational sector.
On the contrary, as we clarified earlier that the phase portrait analysis through the stability of its fixed points requires that the
Friedman equations to be written as a one dimensional autonomous system. Among several extensions of the GR we note that
its teleparallel equivalent version (TEGR), c.f. [38], and its f (T ) extension are having a nice feature making them in comfort
with our phase portrait analysis [33], that is the teleparallel torsion is proportional to the quadratic Hubble parameter so that
the modified gravitational sector does not introduce the second or any higher derivatives of Hubble. For other extensions of the
teleparallel gravity see [39–42]. Since the modified Friedmann equations according to the f (T ) gravity contain only Hubble
2 Remember that 1 Mpc = 3.09 × 1019 km, so the quantity km/Mpc is dimensionless. Consequently, the Hubble parameter is measured in [s]−1.
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parameter and its rate of change, it is consistent with the phase space analysis. Therefore, the f (T ) theories, among many
modified gravity theories, can be considered as a natural extension to the GR.
A. Teleparallel space
In the Riemannian space of n-dimension, the metric tensor field gµν is the fundamental quantity. Instead, the vielbein vector
field ea
µ is the fundamental quantity in the Weitzenbo¨ck space of n-dimension3. The later can be defined as a pair (M, ea), where
M is an n-dimensional differentiable manifold and the set {ea} contains n independent vector fields defined globally on M, this
set at point p is the basis of its tangent space TpM. Because of the independence of ea, the determinant e ≡ det(eaµ) is nonzero.
Then, one can define the linear (Weitzenbo¨ck) connection
Γ
α
µν ≡ eaα∂νeaµ = −eaµ∂νeaα. (14)
This connection is characterized by the property that
∇νeaµ ≡ ∂νeaµ + Γµλνeaλ ≡ 0, (15)
where the covariant derivative ∇ν is associated to the Weitzenbo¨ck connection. This nonsymmetric connection uniquely deter-
mines the teleparallel geometry, since the vielbein vector fields are parallel with respect to it. Indeed, a vielbein space admits the
dual and the symmetric connections associated to the Weitzenbo¨ck except they do not provide a teleparallel geometry. For more
details about these connections and their applications see [43–52]. Also, for more Refs. on the parameterized versions of these
connections and their applications see [53–61]. However, the vielbein vector fields satisfy
ea
µeaν = δ
µ
ν and ea
µebµ = δ
b
a, (16)
where δ is the Kronecker tensor. Thus, we can construct an associated (pseudo-Riemannian) metric for any set of basis
gµν ≡ ηabeaµebν, (17)
while the inverse metric
gµν = ηabea
µeb
ν. (18)
Also, it can be shown that e =
√−g, where g ≡ det(g). In this sense, the vielbein space is a pseudo-Riemannian as well. Thus,
we go further to define the symmetric Levi-Civita connection
Γ˚
α
µν =
1
2
gασ
(
∂νgµσ + ∂µgνσ − ∂σgµν
)
. (19)
Recalling the absolute parallelism condition (15), it is easy to show that the Weitzenbo¨ck and the Levi-Civita connections are
both metric connections, i.e.
∇σgµν ≡ 0, ∇˚σgµν ≡ 0,
where ∇˚ν is the covariant derivative associated to the Levi-Civita connection.
The noncommutation of an arbitrary vector fields Va is given by
∇ν∇µVaα − ∇µ∇νVaα = RαǫµνVaǫ + T ǫ νµ∇ǫVaα,
∇˚ν∇˚µVaα − ∇˚µ∇˚νVaα = R˚αǫµνVaǫ + T˚ ǫ νµ∇˚ǫVaα,
where Rαǫµν (R˚
α
ǫµν) and T
ǫ
νµ (T˚
ǫ
νµ) are the curvature and the torsion tensors of the weitzenbo¨ck (Levi-Civita) connection,
respectively. The absolute parallelism condition (15) and the noncommutation formula force the curvature tensor Rαµνσ of the
Weitzenbo¨ck connection to vanish identically, i.e. Rαǫµν ≡ 0, while the symmetric Levi-Civita connection provides a vanishing
torsion tensor, i.e. T˚ ǫνµ ≡ 0.
3 The Latin indices are called the Lorentz indices and the Greek indices are the coordinate indices, where both are running from 1, · · · , n and additionally
following the Einstein summation convention.
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The torsion tensor of the Weitzenbo¨ck connection (14) is defined as
Tαµν ≡ Γανµ − Γαµν = eaα
(
∂µe
a
ν − ∂νeaµ
)
. (20)
Then, the contortion tensor Kαµν is defined by
Kαµν ≡ Γαµν − Γ˚αµν = eaα ∇˚νeaµ. (21)
It is to be noted that Tµνσ is skew symmetric in the last pair of indices whereas Kµνσ is skew symmetric in the first pair of indices.
Moreover, the torsion and the contortion can be interchangeably following the useful relations:
Tαµν = Kαµν − Kανµ, (22)
Kαµν =
1
2
(
Tναµ + Tαµν − Tµαν
)
. (23)
In the teleparallel space there are three Weitzenbo¨ck invariants: I1 = T
αµνTαµν, I2 = T
αµνTµαν and I3 = T
αTα, where
Tα = Tρ
αρ. We next define the invariant
T =
1
4
I1 +
1
2
I2 − I3,
by combining the three invariants I1, I2 and I3 with the prefixes coefficients as appears above. This teleparallel invariant is
equivalent to the Ricci scalar R˚ up to a total derivative term as we will show below. Alternatively, the teleparallel torsion scalar
is given in the compact form
T ≡ TαµνS αµν, (24)
where the superpotential tensor
S α
µν
=
1
2
(
Kµνα + δ
µ
αT
βν
β − δναT βµβ
)
, (25)
is skew symmetric in the last pair of indices. Indeed, we deal with exactly one space. However, Levi-Civita and Weitzenbo¨ck
connections can see this space with different resolutions. The former represents an extreme picture with a vanishing torsion
tensor, while the later represents another extreme with a vanishing curvature tensor. Interestingly, one can find possible links
between these two extremes. Thus, a useful link in this context is the following identity
eR˚ ≡ −eT + 2∂µ(eT µ), (26)
where divergence term sometimes given in terms of the Levi-Civita covariant derivative as ∂µ(eT
µ) = e∇˚µT µ. Since the Ricci
and the teleparallel torsion scalars differ by a total derivative term, both would provide the same set of field equations using
the lagrangian formalism, GR and TEGR, respectively. Although the superficial equivalence on the level of the field equations,
the difference runs deep on the lagrangian level. It can be shown that the left hand side of the geometrical identity (26) is a
diffeomorphism scalar and Lorentz as well. However, the total derivative term in the right hand side is not a Lorentz scalar.
Consequently, the teleparallel torsion scalar density is a diffeomorhism scalar but not a Lorentz scalar. This contrast is crucial
in the generalization of the lagrangian of the GR and the TEGR theories by taking, respectively, f (R˚) and f (T ) extensions. The
former provides field equations invariant under local Lorentz transformation, while the later is not [62–65]. We consider the
action of the f (T ) gravity [66, 67]
S = 1
2κ2
∫
d4x e f (T ) + Sm, (27)
where Sm is the matter action. The variation of the action (27) with respect to the tetrad gives
1
e
∂µ
(
eS
µν
a
)
f ′ − eλaT ρ µλS
νµ
ρ f
′
+ S
µν
a ∂µT f
′′
+
1
4
eνa f =
κ2
2
e
ρ
aT
ν
ρ , (28)
where f = f (T ), f ′ = ∂ f (T )
∂T
, f ′′ = ∂
2 f (T )
∂T 2
, and Tµ
ν is the usual energy-momentum tensor of matter fields. It is clear that the field
equations (28) reproduce the TEGR theory by setting f (T ) = T . The f (T ) modified gravity theories have been used widely in
literature in cosmology [20, 21, 23, 68–79], and in astrophysical applications [80–90], for more details about the f (T ) gravity
see the review [91].
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B. Reconstructing f (T )
We consider the diagonal vierbein corresponding to the FLRW metric (1), i.e.
eµ
a
= diag(1, a(t), a(t), a(t)). (29)
This directly relates the teleparallel torsion scalar (24) to Hubble parameter as
T = −6H2, (30)
The useful relation above facilitates many cosmological applications in the f (T ) gravity. We assume that the stress-energy tensor
to be for perfect fluid as
Tµν = ρmuµuν + pm(uµuν − gµν), (31)
where uµ is the fluid 4 velocity, ρm and pm are the energy density and pressure of the fluid in its rest frame. Inserting the vierbein
(29) into the field equations (28) for the matter fluid (31), the modified Friedmann equations of the f (T )-gravity read
ρm =
1
2κ2
[
f (T ) + 12H2 fT
]
, (32)
pm =
−1
2κ2
[
f (T ) + 4(3H2 + H˙) fT − 48H˙H2 fTT
]
. (33)
In the above, the usual Friedmann equations are recovered by setting f (T ) = T . Assuming that the matter fluid is governed by
the linear equation of state pm = ωmρm, where ωm = 0 for dust and ωm = 1/3 for radiation, the system acquires the conservation
(continuity) equation
ρ˙m + 3H(1 + ωm)ρm = 0. (34)
As mentioned before, the modified Friedmann equations of any f (T )-theory can be viewed as a one dimensional autonomous
system, i.e. H˙ = F (H), if we use the linear equation of state of the universe matter. So it is convenient now to represent Eqs.
(32) and (33) in terms of H [33],
ρm =
1
2κ2
[
f (H) − H fH
]
, (35)
pm =
−1
2κ2
[
f (H) − H fH −
1
3
H˙ fHH
]
, (36)
where fH :=
d f
dH
and fHH :=
d2 f
dH2
. After some manipulation, we write
H˙ = 3(1 + ωm)
[
f (H) − H fH
fHH
]
= F (H). (37)
Combining (8) and (37), we can obtain the f (H) which produces some desired phase trajectory. The integral of the continuity
equation (34) can be given by
ρm = ρm,0 e
−3(1+ωm)
∫
H
H˙
dH
, (38)
where the integration constant
ρm,0 ≡ ρm(t0) ≈ 1.88 × 10−26 Ωm,0 h20 kg/m3,
the matter density parameter Ωm,0, and the dimensionless hubble constant h0 are given by the observations at present time t0.
Substituting (8) into (38), then Eq. (35) reads
f (H) − H fH = 2κ2ρm,0 e−
3(1+ωm)H
−1+α
(
H
β
)−1/α
.
Solving the above equation with respect to f (H), we obtain
f (H) = A
[
B WhittakerM
(−2α − 1
2 + 2α
,
2 + α
2 + 2α
,
−C
1 + α
)
+
1
3
WhittakerM
(
1
2 + 2α
,
2 + α
2 + 2α
,
−C
1 + α
)]
, (39)
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where A, B and C are functions of the Hubble parameter, which can be listed as follows
A ≡ A(H) = 6ρm,0κ
2
2 + α
[
1 + α
3(1 + ωm)
] 3+2α
2+2α
H
− 3+2α
2α β
3+2α
2α(1+α) e
C
2+α , (40)
B ≡ B(H) = 1 + α
3
(1 − C) , (41)
C ≡ C(H) = −3β(1 + ωm)H
(
H
β
) 1
α
. (42)
We note that in Eq. (39), we omitted a term H ∝
√
−T , because it has no contribution in the field equations. So we omit this
term without loosing the generality of the solution. Substituting (39) into (35) and (36), the density and the pressure of the matter
fluid read
ρm(H) = ρm,0e
− 3(1+ωm)H
1+α
(
H
β
) 1
α
, (43)
pm(H) = ωmρm,0e
− 3(1+ωm)H
1+α
(
H
β
) 1
α
. (44)
By evaluating the density and the pressure of the ordinary matter, we can provide a complementary description of the cosmic
evolution by identifying the gravitational sector contribution, in our case it is the torsion contribution.
IV. THE TORSION ROLE
In order to manifest the torsion role in the cosmic evolution near the singularities, it is convenient to transform Eqs. (35) and
(36) from the matter frame to the effective frame at which the equations would have the standard Einstein’s field equations in
addition to the torsion contribution as a higher order gravity of the f (T ) theory. So we write the modified Friedmann equations
in the case of f (T ) gravity, i.e.
H2 =
κ2
3
(ρm + ρT ) ≡ κ
2
3
ρeff, (45)
2H˙ + 3H2 = −κ2 (pm + pT ) ≡ −κ2peff, (46)
where ρT and pT are the effective density and pressure of the torsion fluid, respectively. By comparison with (35) and (36) we
write
ρT (H) =
1
2κ2
[H fH − f (H) + 6H2],
=
3
κ2
H2 − ρm,0e−
3(1+ωm)H
1+α
(
H
β
) 1
α
. (47)
pT (H) = − 1
6κ2
H˙ (12 + fHH) − ρT (H),
= − 1
κ2
3H2 + 2αH
(
β
H
) 1
α
 − ωmρm,0e−
3(1+ωm)H
1+α
(
H
β
) 1
α
.
(48)
In the above we have replaced the value of H˙ from (37). One can show that ρT and pT vanish where f (H) = −6H2 and the
standard Friedmann equations are recovered. In this case the effective torsion gravity acquires the conservation equation
ρ˙T + 3H [1 + ωT (H)] ρT ≡ 0. (49)
We first evaluate the effective equation of state parameter, using Eq. (8), we obtain
ωeff ≡ pm + pT
ρm + ρT
= −1 − 2H˙
3H2
,
= −1 − 2
3
α
H
(
β
H
) 1
α
.
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It is convenient to study the asymptotic behavior at large Hubble regimes where H → ±∞. In general, for the power-law phase
portraits H˙ ∝ Hγ, we have ωeff → −1 where γ < 2, while ωeff → ±∞ where γ > 2. Also, we investigate the behavior of the
effective equation of state at the Minkowskian fixed point H = 0. We find that ωeff → ±∞ where γ < 2, while ωeff → −1 where
γ > 2. For the model at hand, by recalling Eq. (50), at the limit H → ±∞, we have the case of ωeff → −1 where α < −1 or
α > 0, which covers the singularities of Types I, II and IV. For the same range, α < −1 or α > 0, at the limit H → 0, we obtain
the following
lim
H→0
ωeff = Q0, lim
H→±∞
ωeff = −1, (51)
where Q0 ≡ Q0(H) = − 23 αH
(
β
H
)1/α
. On the contrary, for the range −1 < α < 0, it is easy to verify that the effective equation of
state having the following limits
lim
H→0
ωeff = −1, lim
H→±∞
ωeff = Q0, (52)
which describes the cosmic evolution associated to the Type III singularity. In conclusion, the effective equation of state evolves
towards either −1 or ±∞, we summarize the behavior of the effective fluid in Table II in Sec. V.
We next turn the discussion to the dynamical description instead of the above kinematical one. Therefore, we investigate the
torsion role near the singularities using the torsion equation of state parameter, that is
ωT ≡ pT
ρT
= −1 + 1
3
H˙ (12 + fHH)
f (H) − 6H2 − H fH
,
= −1 + 2αH(β/H)
1
α e
3(1+ωm)H
(1+α)
(
H
β
) 1
α
− (1 + ωm)ρm,0κ2
ρm,0κ2 − 3H2e
3(1+ωm)H
(1+α)
(
H
β
) 1
α
. (53)
The above expression has been evaluated by recalling Eqs. (47) and (48). In the physicalmodels, we have κ2 ≡ 8πG = 1.68×10−9
m3/kg/s2, and ρm,0 = 2.84 × 10−27 kg/m3. Therefore, the value κ2ρm,0 → 0 s−2 so that Eq. (53) reduces to
ωT → −1 − 2
3
α
H
(
β
H
) 1
α
= ωeff,
which coincides with the effective equation of state (50). In order to investigate the exact role of the torsion fluid, it is convenient
to study the behavior of the torsion equation of state near the singularity. As clear from Eq. (53) that the torsion equation of
state is too sensitive to the choices of the parameters α and β. Therefore, we will discuss each case individually in the following
sections.
In Sec. II, we presented a generic study of the different types of the finite-time singularities by analyzing their phase portraits.
In the following, we perform a complementary analysis of the cosmologies related to these singularity types through the effective
and the torsion equations of state to find out the role of the torsion fluid and its behavior near these singularities. In fact,
the cosmic accelerated expansion can be modeled using the cosmological constant in the simplest case, when this constant is
introduced into Einstein’s field equations as a matter source of the so called dark energy with a fixed equation of state ω = −1.
Although, it fits with Planck observations, it does not provide information about the nature of the dark energy. Other proposals
have been introduced using a quintessence (−1 < ω < −1/3) or phantom (ω < −1) scalar field, where crossing between
these two regimes within the single canonical scalar field models is impossible [92]. This is on the contrary of the quintom
models, where crossing the phantom divide line can be achieved. A comprehensive criticism of quintom bounce is given in
the review [93]. Usually, quintom models are realizable by introducing two scalar fields (quintessence + phantom) [94, 95], or
adding extra degrees of freedom by including higher derivative terms into the action [96–98]. As we have shown that the f (T )
cosmology provides a dynamical system equivalent to the general relativistic model when using an exotic equation of state, e.g.
quintessence, phantom and quintom. This equivalence can be justified also by studying the role of the torsion equation os state.
A. Type I singularity
Using Eqs. (50) and (53), we plot their evolutions as given in Fig. 7. As we have shown earlier in Sec. II A, there are two
cases can be discussed for the models which have singularity of Type I (α < −1):
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(a) f0 > 0 (β < 0) (b) f0 < 0 (β > 0)
FIG. 7: The evolution of the effective and the torsion equation of state parameters, Eqs. (50) and (53), in the vicinity of a finite-time singularity
of Type I.
1. f0 > 0 (β < 0)
As we have discussed this case using the phase portrait, Fig. 2(a), the universe begins with a finite-time singularity of Type I
in a contracting phase in phantom regime, and evolves towards a future fixed point H → 0 in an infinite time. Using Eqs. (50)
and (53), we have, at the limit H → −∞, the universe effectively follows the torsion fluid as ωeff = ωT → −1. At the limit
H → 0, the effectively equation of state diverges as ωeff = Q0 → −∞ but the universe needs an infinite time to approach that
fate. Therefore, the universe will not feel this future singularity. On the contrary, the torsion fluid evolves towards ωT → −∞
similar to the effective fluid, but in a finite time. As seen in Fig. 7(a), the irregular behavior of torsion fluid is just before
the Minkowskian fixed point, whereas the torsion equation of state parameter changes its sign from −∞ to +∞. This behavior
usually result in the sudden singularities. On another word, although the universe effectivly will not feel the singularity at the
fixed point, the torsion fluid feels it as a finite-time singularity of Type II. However, the torsion fluid crosses the phantom divide
line through a singularity, then it evolving towards the matter equation of state, i.e. ωT → ωm, as a final fate.
We note that the limits of Eqs. (50) and (53) are both regular at H → +∞, where ωeff = ωT → −1. Guided by the phase
portraits of Fig. 2, we should ignore these limits. However, we recorded them in Table II in Sec. V just for completeness.
2. f0 < 0 (β > 0)
In these models, the universe begins with a finite-time singularity of Type I (big bang) similar to the standard cosmology.
However, it experienced an early accelerated expansion phase, then it enters a later decelerating phase. For more details, one
may recall Sec. II A 2.
Case 1. In the subclass −2 < α < −1, the universe begins with a big bang singularity where the asymptotic behavior of the
effective equation of state (50) can be obtained as ωeff → −1 as H → ∞. As seen in Fig. 7(b), the universe effectively crosses
ωeff = −1/3 ending the early inflationary phase, and enters a late deceleration phase as ωeff > −1/3. We note that the plots of
the Fig. 7(b) are just to visualize the qualitative behavior of the model, for physical models, however, one may consult Fig. 6(b)
to use the correct values of the parameters α and β in order to end the inflation period at suitable energy scale 107 < H < 109
GeV. Then, the effective equation of state diverges, i.e. ωeff = Q0 → +∞ as H drops to zero, that is a fixed point and effective
fluid takes an infinite time to reach that point. On the other hand, using Eq. (53), we find that the torsion fluid matches the
matter fluid during the cosmic time, ωT ∼ ωm, with an oscillationary behavior at the limit H → 0.
Case 2. In the subclass α ≤ −2, the evolution is very similar to case 1 above as seen in Fig. 7(b). But we find that the torsion
equation of state has an asymptotic behaviorωT → −1 at the limit H → −∞ instead of ωm. This has been shown clearly in Table
II in Sec. V. However, the negative H region should be excluded as guided by the phase portraits in Fig. 2(b). So we note that
the two cases of β > 0, in general, are identical.
19
(a) α = 1
n
, n = odd (β < 0) (b) α = 1
n
, n = even (β < 0 or β > 0) (c) α = 1
n
, n = odd (β > 0)
FIG. 8: The evolution of the effective and the torsion equation of state parameters, Eqs. (50) and (53), in the vicinity of a finite-time singularity
of Type II.
B. Type II singularity
Using Eqs. (50) and (53), we plot their evolutions as given in Fig. 8. As in Sec. II B, we discuss two main categories of the
models which have singularity of Type II (0 < α < 1), that are β < 0 and β > 0. Recalling the phase portraits of Fig. 3, we note
that the singularity is at Hs = 0, where H˙ diverges. This leads the effective pressure to diverge as well. Consequently, it will be
common for all the following categories to have a divergent effective equation of state at that point, i.e. ωeff → ±∞ as H → 0.
1. f0 < 0 (β < 0)
Case 1. In the subclass α = 1
n
(where (n > 1 is an odd positive integer), we plot the evolution of both the effective equation
of state and the torsion one as appear in Fig. 8(a). The evolution goes in the decreasing Hubble. Since the singularity is not of
a crashing type and the geodesics are complete, a transition from expansion to contraction is conceivable. These can be called
a big brake model, usually they suffer from a paradox of singularity crossing, where tachyon cosmological models [9] or anti-
Chaplygin gas [4] play an essential role to make the singularity crossing physically possible. We note, for this model, that the
torsion fluid asymptotically matches the matter component, i.e. ωT → ωm. However, its equation of state feels the singularity
earlier and becomes irregular. In the vicinity of the singularity H → 0±, from Eq. (53), we have
lim
H→0±
ωT = Q1 → −∞; since β < 0 and 0 < α < 1, (54)
where Q1 ≡ Q1(H) = 2ρ0κ2αH
(
β
H
)1/α
. However, in the contraction phase the torsion fluid evolves towards the matter component.
Case 2. In the subclass α = 1
n
(where (n > 1 is an even positive integer), we plot the evolution of both the effective equation of
state and the torsion one as appear in Fig. 8(b). The sudden singularity at H = 0 acts as a repeller, whereas the universe evolves
in the increasing of the Hubble parameter in the H > 0 patch and it evolves in the decreasing Hubble in the H < 0 patch. In this
subclass, the effective fluid evolves in the vicinity of the singularity as
lim
H→0±
ωeff = Q0 → ∓∞,
while it asymptotically evolves towards the cosmological constant, i.e. ωeff → −1 as H → ±∞. At the right patch, the torsion
evolves to cosmological constant, i.e. ωT → −1 as H → +∞. At the left patch, it evolves towards the matter component, i.e.
ωT → ωm as H → −∞. However, in the vicinity of the singularity H = 0, the torsion equation of state alters its sign opposite to
the effective fluid as
lim
H→0±
ωT = Q1 → ±∞.
Case 3. In the subclass α = a
b
,
1
n
, where (a and b are positive integers such that a < b), we find out two patterns: The first is
when 0 < α < 1/2, it follows case 2 and can be visualized on Fig. 8(a). The second is when 1/2 < α < 1, it follows case 1 and
can be visualized on Fig. 8(b). For both cases only the H < 0 patch is allowed for this subclass.
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2. f0 > 0 (β > 0)
Case 1. In the subclass α = 1
n
(where (n > 1 is an odd positive integer), we plot the evolution of both the effective equation
of state and the torsion one as appear in Fig. 8(c). This subclass can be used to describe a bouncing cosmology model, since
crossing the singularity at H = 0 from contraction (H < 0) to expansion (H > 0) is a valid scenario. In general, bouncingmodels
suffer from two main problems: The ghost instability and the anisotropy grows. The first arises when the null energy condition
has been broken. In the f (T ) gravity, it has been shown that the null energy condition is violated effectively only, while the
matter component is free from forming ghost degrees of freedom [23]. The second problem arises during the contraction phase
before bounce, since the anisotropies grow faster than the background so that the universe ends up to a complete anisotropic
universe and bouncing to expansion will not occur.
As shown in Fig. 8(c), the effective fluid acts asymptotically H → ±∞ as a cosmological constant ωeff → −1, then it runs
deeply in phantom regime near the singular bounce as
lim
H→±
ωeff = Q0 → −∞.
However, the torsion fluid in the vicinity of the bouncing (singular) point has a large equation of state,
lim
H→0±
ωT = Q1 → +∞,
which allows the torsion gravity background to dominate over the anisotropy during the contraction avoiding the remain main
problem of bouncing models. Therefore, the model at hand can be considered as a healthy bouncing scenario, where the torsion
gravity plays the main role to avoid the usual problems of the bounce cosmological models.
Case 2. In the subclass α = 1
n
(where (n > 1 is an even positive integer), the evolution is identical to that has been obtained in
case 2 of Sec. IVB1. So the evolution can be realized from Fig. 8(b).
Case 3. In the subclass α = a
b
,
1
n
, where (a and b are positive integers such that a < b), we find two patterns: The first is
when 0 < α < 1/2, it follows case 2 and can be visualized on Fig. 8(c). The second is when 1/2 < α < 1, it follows case 1 and
can be visualized on Fig. 8(b). For both only the H > 0 patch, where the H < 0 patch is not allowed for this subclass.
We note that the asymptotic behavior of both the effective and the torsion equations of state and in the vicinity of the Type II
finite-time singularity is summarized in Table II in Sec. V.
C. Type III singularity
Using Eqs. (50) and (53), we plot their evolutions as given in Fig. 9. As in Sec. II B, we discuss two main categories of the
models which have singularity of Type III (−1 < α < 0), that are β < 0 and β > 0:
1. f0 < 0 (β < 0)
Case 1. In the subclass α = − 1
n
(where (n > 1 is an odd positive integer), we plot the evolution of both the effective and
the torsion equations of state as appear in Fig. 9(a). From Eqs. (50) and (53), we find that both equation of state parameters,
asymptotically, evolve as ωeff = ωT = Q0 → −∞ as H → ±∞. However, as H → 0, the effective fluid evolves towards a
cosmological constant, i.e ωeff → −1, while the torsion fluid evolves towards the matter component, i.e. ωT → ωm. On another
word, the universe evolves effectively in a phantom regime towards the cosmological constant, while the torsion fluid crosses
the phantom divide line towards the matter component at that point. We note that the point H = 0 is a fixed point so the fluids
reaches the mentioned fate in an infinite time, while asymptotically there are finite-time singularities of Type III, and therefore,
they reach their fate in a finite time. Also, the evolution in both patches, H < 0 and H > 0, occur in the phantom regime as
ωeff < −1. This is in agreement with the corresponding phase portraits of Fig. 4(a).
Case 2. In the subclass α = − 1
n
(where (n > 1 is an even positive integer), we plot the evolution of both the effective and the
torsion equations of state as appear in Fig. 9(b). From Eqs. (50) and (53), noting that n is even and β < 0 in the case at hand, the
sign of the asymptotic behavior will be sensitive only to the sign of the Hubble parameter. Thus, we write
lim
H→±∞
ωeff = lim
H→±∞
ωT = Q0 → ±∞.
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(a) α = − 1
n
, n = odd (β < 0) (b) α = − 1
n
, n = even (β < 0 or β > 0) (c) −1 < α = − a
b
, − 1
n
< −1/2 (β < 0)
(d) α = − 1
n
, n = odd (β > 0) (e) −1 < α = − a
b
, − 1
n
< −1/2 (β > 0)
FIG. 9: The evolution of the effective and the torsion equation of state parameters, Eqs. (50) and (53), in the vicinity of a finite-time singularity
of Type III.
However, at the limit H → 0 both fluids evolve towards the cosmological constant, i.e. ωeff = ωT → −1. As clear from Fig.
9(b), in the H < 0 patch the universe evolves effectively in the phantom regime towards a cosmological constant. However, in
the H > 0 patch the universe evolves effectively in a non phantom regime towards the cosmological constant at the Minkowski
fixed point universe, so it realizes a late transition to accelerating expansion universe as it crosses from ωeff > −1/3 to
−1 < ωeff < −1/3. Although, we can choose suitable values of α and β, as shown in Sec. II E, to realize the late transition at
redshift zde ∼ 0.7 as required by the ΛCDM model, the universe evolves towards the Minkowski universe not de Sitter. This is
not usual when dark energy is interpreted as a cosmological constant.
Case 3. In the subclass α = − a
b
, − 1
n
, where (a and b are positive integers such that a < b), we find two patterns: The first is
when −1/2 < α < 0, it follows case 2 and can be visualized on Fig. 9(a), but only the H < 0 patch, where the H > 0 patch is not
allowed for this subclass. The second is when −1 < α < −1/2, the evolution at the limits H → 0, ± ∞ follows case 1 as given
in Table II in Sec. V. However, we plot the instantaneous evolution of both the effective equation of state and the torsion one as
appear in Fig. 9(c), whereas the H < 0 patch is the only valid scenario.
2. f0 > 0 (β > 0)
Case 1. In the subclass α = − 1
n
(where (n > 1 is an odd positive integer), we plot the evolution of both the effective and
the torsion equations of state as appear in Fig. 9(d). From Eqs. (50) and (53), we find that both equation of state parameters,
asymptotically, evolve as ωeff = ωT = Q0 → +∞ as H → ±∞. This is opposite to the similar case of Sec. IVC1 as we examine
β > 0 in this section. However, as H → 0, both parameters evolve towards the cosmological constant, i.e ωeff = ωT → −1.
Thus, the universe evolves effectively in a non phantom regime towards the cosmological constant, where a late transition from
acceleration to deceleration is valid. This is in agreement with the corresponding phase portraits of Fig. 4(a).
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Case 2. In the subclass α = − 1
n
(where (n > 1 is an even positive integer), the evolution is identical to that has been obtained
in case 2 of Sec. IVC1. So the evolution can be realized from Fig. 9(b).
Case 3. In the subclass α = − a
b
, − 1
n
, where (a and b are positive integers such that a < b), we find two patterns: The first is
when −1/2 < α < 0, it follows case 2 and can be visualized on Fig. 9(d), but only the H > 0 patch, where the H < 0 patch is not
allowed for this subclass. The second is when −1 < α < −1/2, we plot the evolution of both the effective equation of state and
the torsion one as appear in Fig. 9(e). From Eqs. (50) and (53), we find that both equation of state parameters, asymptotically,
evolve as
lim
H→±∞
ωeff = lim
H→±∞
ωT = Q0 → ±∞,
whereas the H < 0 patch is not allowed for this class. At the limit H → 0, both parameters evolves towards the cosmological
constant. However, the torsion fluid parameter could be irregular in the vicinity of that point.
We mention that all the above three cases where β > 0, in addition to case 2 where β < 0, can perform a late deceleration to
acceleration transition. For possible suitable choices of the parameters α and β, one should recall Sec. II E, in particular Fig.
6(c).
D. Type IV singularity
Using Eqs. (50) and (53), we plot their evolutions as given in Fig. 10. As we have shown earlier in Sec. II D, there are two
cases can be discussed for the models which have singularity of Type IV (α > 1):
1. f0 > 0 (β < 0)
As we have discussed this case using the phase portrait, Fig. 5, the universe begins with a finite-time singularity of Type IV
at the Minkowski space which is a fixed point as well, therefore, the corresponding effective equation of state parameter has an
infinite value at the Minkowiskian point. From Eq. (50), we have
lim
H→0+
ωeff = Q0 = −∞.
However, the torsion fluid at the same limit begins with an equation of state parameter equivalent to the matter component,
i.e. ωT → ωm as H → 0. Then the effective fluid evolves, in phantom regime, smoothly towards the cosmological constant,
ωeff → −1, in increasing H direction. On the other hand, the torsion equation of state parameter matches the effective fluid
asymptotically as H → +∞, it is irregular in the vicinity of the initial singularity. Since ωT changes its sign near the singularity,
it feels the singularity of Type IV as if it is a sudden singularity, see Fig. 10(a). Recalling Eq. (9) and the related discussion, we
find that the effective fluid will not be singular at H → ∞, and consequently the torsion fluid as ωeff ∼ ωT at that limit.
2. f0 < 0 (β > 0)
Alternatively, in these models, the universe begins effectively with ωeff → +∞ at a singular Minkowskian universe of Type
IV. However, the torsion equation of state parameter initially begins with a value equivalent to the matter component, see Fig.
10(a). Noting that only H < 0 is the allowed patch in this scenario, so the universe is contracting with a deceleration after the
Minkowskian universe as ωeff > −1/3, then it crosses the quintessence limit towards the cosmological constant asymptotically
as H → −∞. On the other hand, the torsion fluid matches the matter component at that limit.
We note that the torsion fluid in the two subclasses −2 < α < −1 and α ≤ −2 having different limits at H → +∞. In the
first subclass, the torsion fluid evolves asymptotically towards the matter component, while it evolves towards the cosmological
constant in the second. However, the positive H region should be excluded for β > 0 as guided by the phase portraits in Fig. 5.
So we note that the two cases of β > 0, in general, are identical.
Finally, as clear from the discussions throughout the work at hand that investigating the asymptotical solutions and at the
fixed points is essential to understand the one dimensional autonomous dynamical systems. We summarize all the limits of the
effective and the torsion equation of state parameters at H → 0, ± ∞ as given in Table II in Sec. V.
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(a) f0 > 0 (β < 0) (b) f0 < 0 (β > 0)
FIG. 10: The evolution of the effective and the torsion equation of state parameters, Eqs. (50) and (53), in the vicinity of a finite-time singularity
of Type IV.
V. CONCLUDING REMARKS
For a modified gravity theory and by assuming the effective fluid has a linear equation of state, we have shown that the
Friedmann equations can represent a one dimensional autonomous system, if the first derivative of Hubble would have been
written as a function of the Hubble parameter only. This allows to interpret the Friedmann system as a vector field on a
line introducing one of the basic techniques of dynamics. Consequently, we draw the (H − H˙) phase space allowing a clear
geometrical representation of the dynamical system by identifying its fixed points and the asymptotic behavior.
In this paper we investigated the phase portraits of the different types of the finite-time singularities. We adopted a scale factor
containing two model parameters α and β, which can realize the four finite-time singularity types. The generic analysis of the
phase portraits shown that:
(i) For the singularity of Type I (α < −1), the model realizes an early accelerating expansion (inflation) with possible transition
to a later decelerated expansion for some suitable values β > 0. We plot the viable values of α and β which allow this transition
to occur at a cosmic energy scale 109 to 107 GeV when the inflation is assumed to be during 10−34 and 10−31 s. This provides a
suitable conditions to have a graceful exit inflation model.
(ii) For the singularity of Type II (0 < α < 1), when α is chosen such that α = 1
n
and n is a positive integer, the universe
evolves effectively in phantom regime. The universe realizes a contraction before the singularity, while it expand after it. This
may gives a singular bounce with a finite-time singularity at the bouncing time. However, junction conditions could be used
to overcome the singularity by welding the contraction an the expansion phases around the singular point. This point needs a
further investigation.
(iii) For the singularity of Type III (−1 < α < 0), the model realizes a late transition from decelerating to accelerating
expansion. We plot the viable values of α and β which allow this transition to occur at redshift zde = 0.72 ± 0.05 (0.84 ± 0.03),
i.e. Hde = 101.8 (117.82) km/s/Mpc. Although, the model realizes the transition to the late accelerating expansion phase, it
evolves towards a Minkowski fate not de Sitter as expected by the ΛCDM models. This is unusual when dark energy is assumed
to be a cosmological constant.
(iv) For the singularity of Type IV (α > 1), remarkable the singular point is also a repeller fixed point, which provides an
unstable de Sitter universe. In this case, we expect an unusual behavior by having a fixed point can be reached at a finite time.
The phase portrait analysis show that the Type IV singularities can be used for crossing between phantom and non phantom
cosmologies safely as the geodesics in this model are completed.
We also shown that the torsion based gravity is compatible with the phase portrait analysis. This is because the teleparallel
torsion T is a function of the Hubble parameter H only and it contains no higher derivatives of H. Consequently, it allows the
modified Friedmann system to be written as a one dimensional autonomous system. Among several versions of the generalized
teleparallel gravity, we investigated the f (T ) gravity theories.
We reconstructed the f (T ) function which generates the proposed phase portraits. This allows to perform a complementary
investigation of the singularity types through the torsion equation of state. In addition, we note that since some cases of the
singularities are in fact a Minkowiskian space rather a de Sitter one, an investigation of the torsion role in the vicinity of different
singularity types on the perturbation level will be needed, for perturbation analysis in f (T ) see [20, 23, 99, 100]. In fact the
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TABLE II: The evolution of the effective/torsion equations of state (50) and (53) near H → 0, ± ∞ corresponding to different choices of α
and β parameters. We take n > 1 (m > 1) is a positive odd (even) integer, and a < b where a and b are positive integers.
parameters ωeff ωT
singularity f0 β α H → 0± H →∞ H → −∞ H → 0± H →∞ H → −∞
T
y
p
e
I > 0 < 0 < −1 Q0 → −∞ −1 −1 ωm −1 −1
< 0 > 0
∈ (−2,−1) Q0 → +∞ −1 −1 ωm ωm ωm
≤ −2 Q0 → +∞ −1 −1 ωm ωm −1
T
y
p
e
II < 0 < 0
1
n
or 1
2
< a
b
,
1
n
< 1 Q0 → +∞ −1 −1 Q1 → −∞ ωm ωm
1
m
or 0 < a
b
,
1
m
< 1
2
Q0 → ∓∞ −1 −1 Q1 → ±∞ −1 ωm
> 0 > 0
1
n
or 1
2
< a
b
,
1
n
< 1 Q0 → −∞ −1 −1 Q1 → +∞ −1 −1
1
m
or 0 < a
b
,
1
m
< 1
2
Q0 → ∓∞ −1 −1 Q1 → ±∞ −1 ωm
T
y
p
e
II
I < 0 < 0
−1
n
or −1 < −a
b
,
−1
n
< −1
2
−1 Q0 → −∞ Q0 → −∞ ωm Q0 → −∞ Q0 → −∞
−1
m
or −1
2
< −a
b
,
−1
m
< 0 −1 Q0 → +∞ Q0 → −∞ −1 Q0 → +∞ Q0 → −∞
> 0 > 0
−1
n
or −1 < −a
b
,
−1
n
< −1
2
−1 Q0 → +∞ Q0 → +∞ −1 Q0 → +∞ Q0 → +∞
−1
m
or −1
2
< −a
b
,
−1
m
< 0 −1 Q0 → +∞ Q0 → −∞ −1 Q0 → +∞ Q0 → −∞
T
y
p
e
IV > 0 < 0 > 1 Q0 → −∞ −1 −1 ωm −1 −1
< 0 > 0
∈ (1, 2) Q0 → +∞ −1 −1 ωm ωm ωm
≥ 2 Q0 → +∞ −1 −1 ωm −1 ωm
Note: The quantities Q0 and Q1 above are as given in Eqs. (51) and (54), respectively.
singular phases can be shifted from Minkowski to de Sitter as needed by modifying the phase portrait (8) by adding a constant
Hds. As we have shown, the dynamics of the one dimensional autonomous systems is dominated by the stability of the fixed
points and the asymptotic behavior, we summarize below the obtained results of Sec. IV in Table II.
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